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Vogel’s plane is a quotient P2/53 of the projective plane with homogeneous
coordinates «, 8 and . It is a moduli space of a tensor category, which is
meant to be a model of the universal simple Lie algebra [Vogel, 1999].
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Type | Lie algebra | « Jé) y t=nh
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Vogel's plane

Vogel’s plane is a quotient P2/53 of the projective plane with homogeneous
coordinates «, 8 and . It is a moduli space of a tensor category, which is
meant to be a model of the universal simple Lie algebra [Vogel, 1999].

Table: Vogel's parameters for simple Lie algebras

Type | Lie algebra | « Jé) y t=nh
A, Slhe1 -2 2 (n+1) n+1
Bn $02n+1 -2 4 2n—3 2n—1
Ca SPo, -2 1 n+2 n+1
D, 502 -2 4 2n—4 | 2n—2
G 92 -2 | 10/3 8/3 4
Fa fa -2 5 6 9
Es ¢6 -2 6 8 12
E; e7 -2 8 12 18
Eg eg -2 12 20 30

Motivations: Knot theory (Vassiliev invariants, Kontsevich integral),
Deligne’'s study of exceptional Lie algebras
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Vogel, 1999:
(o —2t)(B —2t)(y — 2t)
aBy

dimg =

In the decomposition
Sg=CaY(@)aY(B) e Y[

the Casimir values G, are respectively 4t — 2, 4t — 23,4t — 2-y (which can be
used as a definition of Vogel's parameters) and

vy (3020 (326 (Y20 £ (B+1) (14 1)
dmya(e) = o7 (o~ ) B (a—) 7 |




Casimir operators

For any simple complex Lie algebra g define the Casimir operators C, as the
following elements of the centre of the corresponding universal enveloping

algebra Ug as
CP = gﬂl»-»ﬂpxul“'xup7 P = 07 1727

where X* are the generators of g,
gﬂl~~~Mn _ Tr()A(“l...)A(“”)7

where the trace is taken in the adjoint representation of g and the indices are
lowered using the Cartan-Killing metric

g’ = Tr()A(“)A(")



Casimir operators

For any simple complex Lie algebra g define the Casimir operators C, as the
following elements of the centre of the corresponding universal enveloping
algebra Ug as

Co =8y, XM XHP p=0,1,2, ...

where X* are the generators of g,
gﬂl~~~Mn _ -,—,,()?m_n)“(un)7

where the trace is taken in the adjoint representation of g and the indices are
lowered using the Cartan-Killing metric

g’ = Tr()A(“)A(")

Consider the values of C, on the adjoint representation. We claim that they can
be expressed rationally in the terms of the universal Vogel's parameters a, 3, 7.
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Theorem (MSV, 2011)
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Universal formula for Casimirs

Theorem (MSV, 2011)

The generating function C(z) = 3_7°, C,z” has the form

2961 + 1683z + 6(14t% 4 ttr — t3)2° + (13t° 4 3ttr — 4t3)2°
6(2t + az)(2t + Bz)(2t + vz)(2 + z)(1 + 2)

b=ad"+F+7, s=a’+5+7.

In particular, the first few Casimirs are

B B . 1 _3tt2—t3
G=0,G=1 G=—g, G="2_"

Proof uses the results of Okubo (1977) and Landsberg-Manivel (2004).
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Assume that the numerator is a symmetric polynomial of «, 3,7 :
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This gives 4 relations on three constants A, B and C, which in general should
not be consistent.
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Cvitanovic: for the orthogonal group SO(n)

(n—2)(n* —9n* + 54n — 104)
8

G =

The universal parameters of SO(n) are
a=-2B=4~y=n—4,t=n—-2
Assume that the numerator is a symmetric polynomial of «, 3,7 :
n® —9n® + 54n — 104 = At® + Btt, + Cts,

b=+ +7=n"-8n+36,ts=a>+ 8 +~*=n>—12n> +48n— 8.

This gives 4 relations on three constants A, B and C, which in general should
not be consistent.

In our case however we do have a solution: A=0, B =3/2, C = —1/2 which
leads to our previous formula.
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Casimir operators and root systems

Let b be Cartan subalgebra of g and h* be its dual space. The root system
R C b™ of g is defined as the set of non-zero weights of adjoint representation
of g.

On § there is a non-degenerate canonical Cartan-Killing form
< X,Y >=tradxady, X,Y €,

where adx : g — g is defined by adx(Z) = [X, Z]. In terms of the roots the
canonical form can be written as

<X, Y >=)a(X)a(Y)=2 ) a(X)a(Y)

a€R a€Ry
for any choice of positive roots Ry C R.

Harish-Chandra: the algebra of Casimir operators is isomorphic to the algebra
of shifted symmetric functions on h* such that

f(wg—p)=Ff(E—p), E€h’,weW

p=5 > a

aERL

where
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Second universal formula for Casimirs

Consider now the Casimir operator Cax corresponding to the function

Czk Z[<)\—|—p,a> —<p,a>2k]

a€ER

Theorem (MSV, 2011).
For the a(jjoint repre§entation with A = 0 being maximal root the generating
function C(z) = 3 Cz* has the form

() = —22 d . (161> — (2t — a)?2)(16t* — (2t — §)?2)(16t> — (2t — v)?2)
dz (1612 — a?z)(16t2 — 32z)(16t% — 42z) ’

Proof is based on Key lemma:

11 ¢ (u, 6+ p _ (e —2t)/2) ¢((8 — 2t)/2) ¢((v — 2t)/2)
(1 p)) B(r/2) ?(8/2) ?(v/2)

HERy

for any even or odd function ¢(x) (cf. Landsberg-Manivel).
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Chern-Simons theory

Let M be 3-dimensional manifold, G is a simply connected simple compact Lie
group with Lie algebra g.

Chern-Simons action is
S(A) = i/ Tr(ANdA+ 2ANANA
CAm Jy 3 ’
where A is g-valued 1-form on M and Tr denotes some invariant bilinear form

on a simple Lie algebra g.

The universal Chern-Simons theory depends on 4 parameters «, 3,7, k defined
up to a common multiple, where a, 3,y are Vogel's parameters. In fact it is
more convenient to replace x by

d=k+t=r+a+FB+7.
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Chern-Simons partition function of S3

The Chern-Simons partition function

Z(I\/I):/DAexp(%/AﬂTr(A/\dAJr%AAAAA))

in the case of sphere M = S* is known explicitly (Witten).

Let h be Cartan subalgebra of the Lie algebra g, r be its rank, @ C h*, Q¥ C §
be the root and coroot lattices and (, ) be the minimal invariant bilinear form
on g, then

_ 3y _ vy—1 Vy—r/2 ., p)
Z=2(5%) = Vol(Q") *(k+h")™" stmi(k-ﬁ-hv)'

HERy

For an arbitrary invariant form we have

Z=2(8% = Vol(Q¥)'6~"? ] 2sin ”(Pg P,

HERy
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Splitting the partition function

Rewrite Z as the product Z = Z1 2, where

Zi=Vol(Q") s [] W
HERY

and

7, = H sin ﬂ-(l'g p)/ﬂ-(/’g ,0)

HERY

The first factor (non-perturbatve part) has a clear geometric meaning (Ooguri,
Vafa):
(27T571/2)dimg
YTUVvI(G6)
where VoI(G) is the volume of the corresponding compact simply connected
group G.



Perturbative part

Consider the corresponding free energy Fo = —In Z>. Using
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Perturbative part

Consider the corresponding free energy Fo = —In Z>. Using

sinmx = mx [ (1~ (%)2)

we have

sm7rx Zln(l—( ZZ mn2m ic(fnm)xgm7

n=1 m=1
where ((z) is the Riemann zeta-function.
Thus the perturbative part of free energy is

£ = mf:l C(fnm) v ((uy))m

HERL

2m

To show its universality we should express the sums > _(x, p)™" in terms of

Vogel's parameters.
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Weyl formula and universality

Consider the exponential generating function of px = ZueR(“’ p)

- Pk x(p,
F(x)=>_ ka =y (e —1).
k=1 "

HER

Theorem (MV, 2012).

Fix) = sinh(x252t) sinh(x%) sinh(x2152) _ (a=2t)(B—2t)(y —2t)
= Sinh(%) Sinh(x%) sinh(x%) aﬁ’y

Idea of the proof: use Weyl's character formula for the adjoint representation

_ sinh(x(u, 6 + p)/2)
xe(xp) = [] sinh(x(, p)/2)

HERL

and Key lemma.



Corollary: Freudenthal-de Vries strange formulae

Expanding the previous formula in x we have in the leading order
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which is a homogeneous form of the Freudenthal-de Vries strange formula
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Corollary: Freudenthal-de Vries strange formulae

Expanding the previous formula in x we have in the leading order

2
S () = Lo
(I’Lap) - 12 dlmgv

HERL

which is a homogeneous form of the Freudenthal-de Vries strange formula

< >= idim
PP == 2% g.

In the next orders we have

S (o p)' = t(18t> — 3tt, + t3)

480 dimyg,

HERY

where t, = o? + ﬁ2 + ’y2, ts=a’ —|—ﬁ3 +’Y37 and

Z (1. p)° = t(396t° — 157t t2 + 15tt3 + 39t3t; — 5tats)

16128 dim g.

HERY



More universal formulae in Chern-Simons theory

Expectation value of the unknotted Wilson loop C in S°
<W(0)>= / JASSAW(C),  W(C) = TrP(exp / A

with A, taken in adjoint representation of g can be given as
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sin(55) sm(g) sin(53)
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More universal formulae in Chern-Simons theory

Expectation value of the unknotted Wilson loop C in S°
<W(0)>= / JASSAW(C),  W(C) = TrP(exp / A

with A, taken in adjoint representation of g can be given as

< W(C) 5= sin('”(a 2t)) sin( (i;t)) sin( (o~ 2t))
sin(55) sin(32) sin(53)

Central charge c can be expressed universally as

rla—2t)(8 —2t)(y = 2t) _ (6 — t)(a = 2t)(8 — 2t)(y — 2t)
afy(k+a+B+7) afyd '

Proof is based on explicit formulae given by Witten.
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Some open questions

What are the universal formulae for the symmetrised choice
(Gelfand) of the Casimir values ?

Which characteristics of simple Lie (super)algebras can be
expressed in terms of universal Vogel's parameters 7

Which sectors of Chern-Simons theory are universal 7 In particular,
is the volume of G a universal quantity ?

What does this all mean for other values of parameters?
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