A fundamental (topological) question:

Consider an n-dimensional manifold M".

Q: Can M" be realized as a boundary of some)(n + 1)-dim’l manifold W"+17?
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A fundamental (topological) question:

Consider an n-dimensional manifold M".

Q: Can M" be realized as a boundary of some (n + 1)-dim’l manifold W"+1?

Ai \/es_l
SimPld consider M x [1,2)

Bahar Acu (ETH Ziirich) Symplectic fillability and then some Junior Symplectic Geometry Seminar 2/12



Same question with adjectives:
L

72?
Consider an n-dimensional closed manifold M.

Q: Can M be realized as the boundary of a compact (n + 1)-dim’l manifold W?

S

orientable nonorientable

A NO!

A: No M closed
= @ = 7 )=een £ RP™" since ARF)-|

ampac
L XCEP™) = 2nt] (Reall , RIP" s orientatle when n-odd)

£x:
£ ?pﬂ is ot the Oof any (on‘)ad ‘N

3/12

When n=l23 A YES{
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What's a filling?

Simply P/ n M (n+)-dim’l
Fil\ind of M= /rco\aordism = monifold W whose
¢ bomday s M.
\M
Nl is “nul-coor dont
W: ‘Flutnd °-F M
= —letob\e manifold

xam les:

.SSS

' : T*TQ; TA(D
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Today's fundamental question:

Are all (compact) contact manifolds (symplectically) fillable? I

(Somewhat) equivalently;

Can all (compact) contact manifolds be realized as the'boundary‘of some
symplectic manifold?

Y
@

W)
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Answer within the dichotomy: Overtwisted vs. Tight

Overtwisted (OT) _[__Gh + Cnot OT)
(ME) s OT if ADcM with¥p -TpD VpedD

LOvertwisted disk in R3

1Souvce: Patrick Massot
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Answer within the dichotomy: Overtwisted vs. Tight

Overjwisted (OT)
(M;?) is 0T if SDC_J./\ wi‘\'hf‘, =TPD VpeaD

LOvertwisted disk in R3
Thearm (Gromov €5, Bleshberq' §9)

¢ {Cis OT then w's ot (u.ueoqu)f(\'llclblc
( Loter shown to be 42 inoll du‘ms)

1Souvce: Patrick Massot
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T@h‘i‘ (not OT>

%mﬁecﬁca\l(j c Tl.am—
Fillable
(Ehge-Hmda)
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Symplectic fillabilty: Flavors

= SOW="11as oriented manifolals
()
. . %
°— wle > 0 in dimension thre€.
Example: Consider T3z Tx '/ (xy &) e TS
z*
T3 % —ker(rxn)) where oc"-cos(nﬁ')dx +sm(n5’)d\/ and ne - o s e
( . -d0+kk, ond weﬁf1 BeA dpy >0 e Bats wantact Ao
—— ’ as T2 o =

on W70 2 conerges o §,
Corresponding ‘3?«?‘0'\65[:“ contack converge A

4 « e wld,dy) -1
(—ﬁ g") : "m“\‘jf‘\\“b\e \0:3 e ‘m . M\\l " N') S.“;C NT 7(; <> wlzpo - +small

4 Flrs’1" lassification result dve 1o Gromov'§5

.
([DLf/ Wy s the uniqe€ weaok S&]mplecﬁc {q[lm\ﬁ of (S :gyﬁp/

Ksine 3D is when w can be pasitive on the 2D contoct plones -
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Symplectic fillabilty: Flavors

IGE)

W)

,OW= 11 as oriented manifolals

o Weak filling: w|¢ > 0 in dimension three.

- A€ QY(M)s. t. w=dXon anhd of dW and & = ker(Aaw)

Equwolen*lj, I Liousle v.£-Z ( 3—;‘“:““) defined near AW
D OWN and T=ker( L, w/ )
ow
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Symplectic fillabilty: Flavors

o Weak filling: w|¢ > 0 in dimension three.

ofStrong filling: 3 \ € Q'(M) s. t. w = dA on a nhd of W and & = ker(A|ow)
EXO"\E‘C: Cov\sidcr Wstd =dX\AdY4+d)(J_AdYL Y Rq in coords (K{IYU'(.UYL)
let A= l—; [X\t\\““ludl(\**a.dﬂ _YLA)(‘J be te Pn‘mihwev(- Wstd , ie. NshL:C\’\

Then Sy ©n Sg’cml* is Bstd =kerdd where °‘=)‘|63

The vector field Z- x1_+3‘ —ag- N *‘YLZ is a anmlk;husf for Wy
! z

= (DY, ws) s @ s’trond Yrp- filkhg of (s? g.sﬁ)
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Symplectic fillabilty: Flavors

&

W)

J IW= 1 as orienfed manifolals

o Weak filling: w|¢ > 0 in dimension three.

o Strong filling: 3\ € Q}(M) s. t. w = dX on a nhd of W and & = ker(\aw)

o (BXACHHlliAg) 2 \ € Q'(M) s. t. w = dX on all of OW and ¢ = ker(A|aw)
(also known as Liouville domd‘\v\x
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Symplectic fillabilty: Flavors

20
195
o OW= 1 as oriented manifolels

W

o Weak filling: w|¢ > 0 in dimension three.
o Strong filling: 3\ € Q}(M) s. t. w = dX on a nhd of W and & = ker(\aw)
o Exact filling: 3\ € QY(M) s. t. w = dX on all of AW and & = ker(\ow)

(SHEHIHAE (V. . )

T eroushng (proper (D from telow) W:= Sletn domain
m;{eu Jconvek (Wg 70 on corrplex lines in W)
w/boundoﬂ N>R st rlis omﬂqtqr cvel set
Recall the prev. ex:
S~
Y . 3\ 23, ()2 forgeliz
€x: Considr :TSH on R ISHQM,)\ a\,j wkbt} Ev i)

L;\' $: RY SR ) Observe that g is an E)(hgus'hfj T-conwexfuc
(CRMmY 1,) [ )(111'142‘(-%)'.L ('YLL onRY whee %75 @ fes.\\or \edel et

= (D4,7,$) is o Sten filling o (s gs-fd)
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Symplectic fillabilty: Flavors

IGE>)

(D

J OW= 1 as oriended manifoldls

o Weak filling: w|¢ > 0 in dimension three.
o Strong filling: 3\ € Q}(M) s. t. w = dX on a nhd of W and & = ker(\aw)
o Exact filling: 3\ € QY(M) s. t. w = dX on all of AW and & = ker(\ow)

Stein filling: (W, J,  ousile v [
o Stein filling: ( ) :;"au Vorse &“Chon
o (Weinstein filling)( WV, 0\, Z, ¢
= daw Ex: Take any (smM)\mL of Smsq\onu

@) =dW= 1 12::““’ | {F—Okns .
requlor \evel ’ ‘BDJ\
§e+ lorse Then W= %{—-03(\
\W:= Weinstein domain R
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Symplectic fillabilty: Flavors

Ciclicboak - Eliashoery
Stein = Weinstein C Exact C Strong C Weak C Tight
. # # ol
(K a5 a2 ;ix.ms upto atletms
Strong dim &
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A tree with a loop?

S&mpled'fc Filiin 6.5
d On

Y

mplechi ¢
l TOFolodica.Q ‘ \L
Character 2ation
Le{sche“L
O
g‘:,ts Fioratons

?
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From open books to Lefschetz fibrations via fillability

Theorem (Wendl)

(0 )
SUPF'2 \ ( ( ( , )
OB(/F/B) shrong

e &y ")
Surface

(qerws O suef-)

—=

(W1w)
lL‘F where é(LFB

=

7 \
oB(F3RD

(S? ng\ = OBC w/ fd)
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From open books to Lefschetz fibrations via fillability

Theorem

(M2EX > (WY w)
sepp A\ T) N
OB(/F/B> strong l"F where a(/LFB
Fling £ 1 7
Plnnor /“‘) CB(FZB‘)
Surface Iom /
(Mﬂz‘ws) @

An important consequence of this theorem:

S\’ronﬁt‘/ — Sfein
filable g, filoble
(MDDis

planor
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From Lefschetz-Bott fibrations to open books

Lefschelz-Bott fibrotions = ”Complexiﬁe:l lorse-Bott functions

W, D ke any fibratien
ba a L—F- 2
£ Wity D7 e

QEE-‘EES Le* {1
2
and ‘F:z. Wy = D

Then the fiber P'Qdu‘d— {1 Xo?
LR - fie ration
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From Lefschetz-Bott fibrations to open books

(Ob )-To\'o.\ space of o Sdelcch‘c LB fﬁ'brarh‘oq serves oS
° e Y {5 f a wquac\' r€l(d-

o sho.ﬁ sdmplec\'\L f ng o 0{1
. Also constructs «S"Yons sdm?. '(:l"ufirms using n

ktl LB Foratios
A - stnﬂu\ohw = { Zot--- 1—2“7'-1—7,,\; =Oj ond f
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